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Here we provide details for the simulation results that were presented in the main text. We begin with
the optimal control problem with the linear model of dynamics and consider the issue of model
uncertainty. We analyze the robustness of the results (over-compensation, speed changes, segmentation)
with respect to parameter values. Next, we consider the effect of motor noise. In the final section, we
turn our attention to nonlinear models of reach dynamics and examine the robustness of some of the
results in a more realistic model of the arm.

1. Optimal control with model noise

In a typical control problem, one attempts to achieve a behavioral goal based on the information that
one has regarding the constraints of the task. In optimal control, behavioral goals are represented as
costs, and the constraints are represented as a model of the forward dynamics of the task, i.e., a model of
how motor commands produce changes in the states of the system. We wanted to allow the controller to
have a degree of uncertainty about its forward model and assess how this uncertainty affected movement
planning.

In general, we can think of uncertainty as a measure of variance about the mean of a parameter. If
the system is linear, then model parameters multiply states of the system to predict future states, and
therefore this parameter variability would produce signal-dependent state noise. That is, a noise with a
standard deviation that grows linearly with the size of the state vector. To solve this kind of optimal
control problem, we were guided by the approach taken by Todorov (2005) in solving a related problem,
where the dynamics of the system were affected by signal dependent motor noise. Our insight was to
view model parameter uncertainty as a signal-dependent state noise, that is, a dual to the signal-dependent
motor noise.

Suppose that we have a linear system with x, as its state vector (position, velocity, etc.) at time t,

u, as the motor command vector composed of elements ut(i) , corrupted by the noise vector ¢@,, ¢ asa

scalar, Gaussian random variable with zero mean and variance 1, ¢ ~ N(0,1) , and A and B as matrices

that describe dynamics of the system:



Xt+l:AXt +B(llt +(pt)
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For example, the noise that affects ut(l) is mean zero with a standard deviation that grows with a slope

c, as a function of ut(l) . Following Todorov (2005), it is convenient to rewrite this noise as follows:

q 0 0 00 0
C,=|0 0 0| C,=|0 ¢, O
00 0 0

N :ZCi“tgt(i)

i

so that the variance of the motor noise grows as a function of the motor input:
var[g¢ ] = Zciut var[gt(i) J“tT cl = ZCiututT cl

i i

This allows one to rewrite the system dynamics:
X,,, = Ax, + Bu, + igt(i)ciut
i=1

If we assume that the controller makes an observation 'y, attime t, and has the goal of minimizing a

cost:
Observation: 'y, = Hx, + o, (0.1)

Cost per step: X, Q.x, +u," Ru, (0.2)

where @, ~ N(0,Q”), and the matrices Q, and R are symmetric positive definite matrices, then

Todorov’s (2005) method provides a closed-form solution to this constrained optimization problem.
In our scenario, we have the additional problem that we are uncertain about the parameter A.  We

express this uncertainty as:

c -

X, = (A+»V)x, +Bu, + zgt(')Ciut

i=1
where y, is a Gaussian scalar random variable with mean O and standard deviation 1, and V is a scaling
parameter matrix which scales the variance of the model parameter uncertainty. This effectively produces a
system where the dynamics have both a signal dependent motor noise and a signal dependent sensory noise.

In our simulations, we assume that the dynamics were of the following general form:



c . k ) —
Dynamics: X, = Ax, +Bu, +& + > &'Cu, + > »'Cx, (0.3)

i=1 i=1

where & ~ N(0,Q°) is an additive vector of Gaussian noise, gt(i) and 75” are independent scalar

normal random variables, and C, and C, are constant matrices. The initial state x, had multivariate
normal distribution with mean X, and covariance X, . The objective of the optimal controller was to
find the optimal policy w, which minimized the expected cumulative cost E (ZL (x{ Qx, +u/ Rut)).

We computed the optimal control policy for a pre-calculated Kalman gain K, as:

u =-Lg%,

L, =£R+ B'S/,B+Y C (S, +5:)C jl B'S,A

Sr=Q +ATSY( A—BLt)+Z(fi (Sr.+854)Ch S =Q, (0.4)
St =A'S!BL +(A-KH) S, (A-KH); S£=0

n

5 =Tr(S4,07 +82, (QF +Q" +KQ K] ))+5.,; 5, =0.

The matrix L, is the time-varying feedback gain, and S°, Sare the parameters required to calculate

the optimal cost-to-go function at any time stept.  Tr is the trace operator. The state estimate is updated
by using a modified Kalman filter which takes into account the multiplicative noise. For a given feedback
gain matrix L., the corresponding optimal Kalman filter is calculated in a forward pass through time:

X, =(A-BL)X, + K (y, —HX)+7,
K, =A>2'3HT(H29HT+QM)’1
Hl_Q‘5+Q”+Z( (22 +25F)CT +CLEILICT )+ (A= K H)ZEAT

z; =3, (0.5)

=, =(A-BL)Z{(A-BL) +KHIAT +(A-BL)ZFHTK + KHZ® (A-BL ) +Q"
=%

Z:fl = (A_ BLt)Zfe (A_ KH )T B
The matrices, K,, Zf =E[ee], X' =E[X,X] ] and X =E[X.e]] are the optimal Kalman gain

and the covariance matrices for the random variables e, =x, —x, and X, .



The details of the derivation are provided at the end of this document.

2. Dynamics of the linear system model of reach control
Much of the data in the main manuscript was based on a model of control for a point mass in a force
field. This section provides the details of that model. The inertia in Cartesian coordinates was

M = {4(.)0 105} (kg). The state was defined as x(t) =[p, (t), p, (1), p, (1), p, (1), f, (1), f, (1), T, T,],

where p,(t), p,(t) and f,(t), f, (t) and T,, T, arethe hand position, forces produced by the arm,

and target position along the x and y axes respectively. We modeled the relationship between forces

f (), f,(t) and the motor commands u,(t),u, (t) as afirstorder linear system with a 120ms time

constant.
We tested the optimal control policies predicted by the model in a viscous curl force field. This kind
of field is velocity dependent and the forces produced on the hand are given by the relation f = Dv,

d d
where D:[ noe

} and v is a hand velocity vector. We discretized the system dynamics with a time
21 22

step of At =10ms . The evolution of different components of the state for this discretized system is as

follws:
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where y isamean zero variance o Gaussian noise. The discretized system dynamics can be

transformed into the form of Egn. (0.3) using the matrices:
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The sensory feedback matrix was formulated so that the controller was able to observe hand positions,
velocities and the target positions over the course of the movement. Hence,

10000000
00100000
01000000
=0 0010000
00000010
0000000 1]

The control (or motor) cost penalty matrix R was set to a constant value throughout the course of the
movement. The parameter w_ determines the weight of the control cost. Weset R=w,1,,, for
0<t<T+T, whereT is the maximum movement completion time and T, is the time for which the
arm was supposed to hold position at the target after movement completion.

The ‘state cost’ penalty matrix was formulated so that the state cost was zero before the movement
completion time T and was increased in a step to a high value for the time period from T to T, . This
formulation provided the controller with the maximum flexibility to search for the optimal policy since
the controller was penalized only for not being at the target after the movement completion time T without
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imposing any constraints on the trajectory followed by the controller to reach the target.
Q =[0gy] for 0<t<T and

w, 0 0O 0 0O 0 -w, O
O w 0 O O O © 0
0 0 w, 0 0O O 0 -w,
0O 0 0 w 0 0 © 0

Q= 0 0 0 0 w 0 0 0 for T<t<T+T,

o 0 0 O 0 w 0 0

-w, 0 0 0 0 0 w, 0
o 0 -w, 0 0 O 0 w

For simplicity, the variance of the additive Gaussian noises was set to zero.
Q =0
Q=0

The cost parameters and the time constraints used for the simulations in the manuscript were:

W, =102, w, =0.01, w; =0, w, = 5T= %,TH = % . Sensitivity of the simulations to these

parameters are discussed below.

3. Effect of bias of the forward model on the optimal control policy: sensitivity analysis

This section describes how we simulated the effects of incomplete adaptation of the internal model on
the average behavior of the controller for the point mass system. This section also considers the
robustness of the results by varying components of the cost function.

The estimate of the force field parameter available to the controller through the internal model was

D=aD. Scaling parameter  denotes accuracy of internal model corresponding to force field. The
simulation results shown in Fig. S1 correspond to a clockwise viscous curl force field where

D 2[ 0 13} . The simulations were done for three different levels of accuracy of the internal model
-13 0

a =1, 0.8 and 0.6 . We also explored the effects of various levels of the position cost parameter w, on

the simulation results. We found that a completely adapted internal model « =1 led to

over-compensation. However, as the adaptation level decreased (a =0.8and 0.6) , the

over-compensation at the early part of the movement became smaller as the under-compensation near the
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target increased.

As the position cost parameter W, decreased, the trajectory did not complete the reaching to target

position. However, the over-compensation was a characteristics of all tested values of w,,.

4. Effect of uncertainty of the internal model: sensitivity analysis
In this simulation, the internal model was defined as D=aD+ ;/t[_) , Where y, isazeromean

Gaussian random variable with variance o . Figure S2A shows how the variance of this noise and

position cost W, interact. In the simulations, we had « = 0.8. The results plotted by blue, red and

green lines denote different amounts of uncertainty o =0.1, o =0.2 and o =0.3 respectively. When

position costs were small (w, =10,107,10,10™), the mass did not reach the target and peak

velocity was small for all o . When this cost was larger (w, =10°,10",10%,10°), the mass reached the

target and there were clear differences in peak velocity between o =0, 0.2 and 0.3 such that higher noise
caused higher peak velocity. In all cases, the peak velocity was higher with higher noise.
Figure S2B shows the effect of noise for different level of w, (control cost). When this weight was

too large (W, = 107°,107°), the mass did not reach the target. When this weight was smaller

(w, =107,10™,107°,107°,10°°,10™"), the mass reached the target and there were clear differences in

peak velocity between o =0.1, 0.2 and 0.3 so that higher noise caused higher peak velocity. In general,
the prediction of increased peak speed with increased uncertainty was a robust result of the simulations.

5. Effects of model uncertainty in the via point task: sensitivity analysis

The task was to arrive at the target before certain maximum time 7' and stay there for a hold time of
T, while passing through the via-point (a location along a straight line between the starting position and
the target) at a specific via-point time 7, . These simulations were performed for an unbiased viscous
curl force field, i.e. the components of the matrix D are all zero. Hence, any differences in the optimal
control policy are purely due to different levels of uncertainties without being confounded with
incomplete learning of the force field parameter D. The state for the via-point task was modified to
include the location of the via-point. All other components of the state were the same.



x(8) =[p, (), p, (1), p, (0), b, (), T, (0), £, (. TV,, TV, T, T,]

where TV, ,TVy are x and y co-ordinates of the via point location. The system dynamics matrices were

modified to incorporate the via-point location in the state vector. We made small modifications to the
matrices so that the via-point location remained constant over the course of the movement as shown
below. All other components of these matrices remain the same as in the simple reaching task.

O4X2
At
0 — C 0 _
A:{Aj } B=| ° Cl{ a1 } C =04 ]
U PO 0 ﬂ 0 I,
T
L O4X2

where A, and C,, were the same as Eqn 0.7.

The sensory feedback matrix H was changed so that the observation y included the via-point

location.

O O O O o o+
O O O O O O
O O O O o+ O
O O O, O O O
O O O O o o o
O O O O o o o
O OB O O O O
O B O O O O O
O r O O O O O O
O O O O O O o

0 00O0OOOOTP O 1

The control cost penalty matrix R was the same as in previous section. However, we had to modify

the “state cost’ penalty matrix to penalize the controller for not being at the via-point at the via-point time.

The variance of the additive Gaussian noises (Q§ , Q”) was set to zero similar to the simulations for the

reaching task.
The cost parameters and the time constraints used for the via-point simulations in the manuscript were

W, =102, w, =0.01, w, = 3 W, =1T :Q,Tv :%, T, :E. To account for the unbiased
At At At

variable force field, we assumed an internal model which had the model of force field with parameters,
0 13

D=yD,where D=
i {—13 0

} , 7, 1saGaussian random variable with mean 0 and variance o . We
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tested o =0, 0.2, or 0.3.

Figure S3A shows the effect of noise for different values of w, . The hand path was a straight line for

all amplitudes of noise and all costs in all simulations of the via-point task (data not shown). However,
with increased uncertainty (noise variance), the speed decreased at the time when hand passed the

via-point. This characteristic was consistent for all w,. ~ As shown in Fig. S3B, the characteristics of the
decreasing speed at the via point changed drastically by the change of weight of via point w,,,.  When

-3 -2 -1 - . . .
w,, was very small (w,, =107°,107°,107"), there was effectively no strong cost associated with going

through the via-point, and the speed profile did not show segmentation. However, as the constraint for
going through the via-point increased in importance, the speed profile became bimodal. Fig. S3C shows

trajectories for different control costs w,. When w, was large (W, =10"°,10"°,10""), the mass did not

reach the target, indicating that optimal controller focused more on minimizing motor cost than the cost
for reach. Thus, the change of speed at via point was not significant for these conditions. Instead, when

w, was small (w, =107,107°,107°,107°,10™"), there was a significant change of speed at the

via-point, producing segmentation. We concluded that in the via point task, increased uncertainty
consistently encouraged segmentation.

6. Effect of motor noise

Noise in the motor commands is an important component of the computational models of the motor
system (Harris and Wolpert, 1998; Todorov and Jordan, 2002). We excluded motor command dependent
noise in the simulations shown in the manuscript to highlight the effects of model parameter uncertainty
on the optimal control policy. In this section we address the issue of the effect of different levels of motor
command dependent noise on the model predictions. The parameter ¢ lets us control the variance of the
signal dependent motor noise in the system.

0000 Ate 0 0 0]
C = for the point-to-point reach task
0000 0 Atec 00

and



0000 VAtc 0 000 0] o

C = 00 0 0 0 JAic 0 0 0 for the via-point task.

Figure S4A shows the simulation results for different amounts of motor command noise (i.e. ¢). All
other parameters were kept constant at the values used for the simulations shown in the manuscript. All
simulations were repeated for three different levels of model parameter uncertainty (o =0, 0.2 and 0.3,
corresponding to the blue, red, and green lines in this figure). The mass failed to reach the end point and
the effects of model parameter uncertainty on the speed profile were unclear for high values of motor
noise (¢ > 0.08). On the other hand, the characteristics of trajectory with respect to the model parameter
uncertainty were consistent with the results shown in the manuscript for low values of motor noise
(c < 0.08): an increase in model parameter uncertainty made over compensation decrease and peak
velocity increase. Large amounts of motor noise caused slowness of movement, indicating the effect of
motor noise is similar to effect of motor cost.

Figure S4B shows the results for different levels of motor noise in the via-point task. The results show
a segmented movement as long as the motor noise is low to moderate (¢ < 0.08). With very large motor
noise, the segmentation disappears. However, in all cases the increase uncertainty causes the speed
profiles to become skewed with a sharper rise as the movement initiates.

In the representative paper concerning motor noise (Todorov and Jordan, 2002), the scaling parameter
was set as 0.04. In experiments on arm muscles, the scaling parameter of signal dependent noise is
thought to be around 0.05 (Hamilton et al., 2004) . Our simulations also found clear effects of model
uncertainty when motor noise amplitude was around 0.06 or smaller.

7. Solving the optimal control problem with model uncertainty
In this section, we drive the solution to the optimal control problem with model uncertainty.
Consider a linear dynamical system with state x, € R™, control signal u, € R”, feedback y, € R’,in

discrete time t;

C . C —
Dynamics  X,,, = Ax, + Bu, +&, + z 7 Cx, + Z &Cu, (0.8)
i=1 i=1
Feedback 'y, = Hx, + o, (0.9)
Cost per step x; Q.x, +u, Ru, (0.10)

The state estimate of the dynamic system available to the controller is assumed to be updated
according to a linear recursive filter for analytical tractability.

X, = AX, +Bu, + K (y, — HX, ) +7,
We define the estimation error as e, = x, — X, . We can show through induction that the optimal
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cost-to-go function or the cost expected to accumulate under the optimal control law after a time step t has
the quadratic form.

Vo (X, X,) = X, SIX, +(x, —X,)T S7 (X, —X,) +S, =X, S)x, +¢/ S’e, +5, (0.11)

At the final time £ = n, the optimal cost-to-go function is simply the final state cost XIQ X ,and

n“n?

so Vv isin the assumed formwith S =Q,, S, =0, s

n’ n n*

Consider the optimal control policy denoted by u, = z(X,) . Let v{:l(xt,it) be the cost-to-go
function corresponding to the optimal control law. Since this control law is optimal for all time points

t+1,...,n, we have Vv, =V,,;, so that the cost-to-go function V;" satisfies the Bellman equation:

Vi (X, X,) = X[ Qux, + (X, ) Rz(X,) + EVi (X1 Xit) | X, X, 7] (0.12)
Now, the stochastic dynamics of the variables of interest can be written as

c . C . —
X,,; = AX, + Bu, +&, —i—Z;/t'Cixt + Z:gt'Ciut

i=1 i=1

e, = (A-KH)e +& - Ko, -7, +Z(7:Cixt +‘C"tic_:iut>.

(0.13)

(0.14)

Then the conditional means and co variances of these random variables of interest are

E[Xt+l | Xt’it’ﬂ-] = Ax, + Bﬂ-(it)
Ele,., | x., X, 7]=(A-K.H)e,

Covlx, s %, %, 7] =Q° + 3 (Cxx{C +Cr (%) (%) € ) (0.15)
Covie,, | x, X, 7]=Q° + Z:(CixtxtTCiT +Cor (%) (%, )T C' ) +Q7 +KQK!
Using the expected values and the covariances we just found and the relations from Egn 0.11 and 0.12,

we get an expression for the cost-to-go function

Ve (Xt’it) = XtT (Q’( + ATSt11A+ZCiT (St)jrl + Stil)cijxt S +etT (A_ KH )T Stil(A_ KH )et

+Tr(M,) + 7 (%, ) (R +B'S B+ CT (S, +5:.)C, )ﬁ(it)+ 27(%,)" B'S!,Ax,

(0.16)
Writing the expression in a compact form, we have
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V(% %) =x] (Q+A'S},A+C )x, +e] (A—KH)' S7, (A-KH)e,
+5,+Tr(M,)+7 (%) (R+B'S/,B+C,)7(%,) (0.17)
+27(%,)" BTS},Ax,

Where
C.=>.Cl (S +S:)C,
C.= ZC (Sl +S81)C
M, =S50 +87, (7 +Q7 + K QK] )
(0.18)

The cost-to-go function, however, is a function of the true state x, , which is not available to the

controller. The only thing available to the controller is the state estimate ﬁt . So, we take the expected

value of the cost-to-go function over the true state and minimize it with respect to the control policy 7.
Since E[x, | X,] = x,, we have
E[v7(x,.%,)|%,] = const+ z(X,)" (R+B"S*,B+C,)z(X,) + 27(%,)" B'S},Ax, ,(0.19)

Thus optimal control law at time point t is

~

u =7(x)=-LxX; L=(R+B'S)B+C)"'B"S},A

t+1

(0.20)
Substituting u, —L,X, inEqn0.16

Vi (x, %) =x] (Q+A'S], (A-BL)+C,)x, +Tr(M,)+s

+e] (ATSBL +(A-KH)' 85, (A-KH ))et

t+1

(0.21)

Comparing this equation with Eqn 0.11, we can summarize the optimal control law with the following
equations:

u; :_L[it
L =(R+B'S/,B+C,) B'S},A
S' =Q+A'S(A-BL)+C; S;=Q, (0.22)

S¢=A'SBL +(A-KH) St (A-KH); S:=0
s, =Tr(M,)+s,.; s,=0.
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Thus, we showed that the cost-to-go function remains in the assumed quadratic form shown in Eqn
0.11 for any time step t given that it is true for the time step t+1, completing the induction proof.

The next step is to calculate the optimal Kalman gains for the control policy we just calculated.
According to the assumption in the previous section of the Kalman gains not being functions of x, and
X, , we need to minimize the unconditional expectation of the cost-to-go function v,,, with respect to

K, to calculate the optimal Kalman gains.
The termsin Efv,,,(x,,,,%,,,) | X,,X,,L,] thatdependon K, are

e (A—KH) 8¢, (A-KH)e +Tr(S:,KQ K ) (0.23)

= E[x,x;] and = = E[x,e/ ], the

Defining the unconditional covariances X! = Ele,e/ ], ¥
unconditional expectation of the K, -dependent expression above becomes

a(K,)=Tr (((A— KH)S (A=K H) +K QK] )sgl) (0.24)
Optimal K, must satisfyM =0.
’ oK,
Oa(K,
C;(K ) _ 28, (K, (HZH" +Q°) - AZH" ) (0.25)

t

Setting the derivative to zero and solving for K.
(0.26)

K, =ASH"(HZH" +Q°)"
We found an expression to calculate the optimal Kalman gains. But, we still need to find the
unconditional covariances X¢,%/ and X/°.Since the variables x,% and e are deterministically

related, we can calculate the covariance of the third variable given that we know the covariance for two

variables. Given the covariance of x and e, the covariance of x is given by

£ = B[(e+X)(e+%) =% + T + T + 5

Now, using the expressions for x,,, and e,,, , we can calculate the expressions for the

unconditional covariances shown below

X, = (A - KtH)Z:(A - KtH)T +QF+ Q7 + KthKtT
> (C(z+2f+ 2+ 20" + CLEL'Cl )

%, =(A-BL)SHA- BL)" + K, (HZ:H" +Q°) K
+A - BL)S*H"K" + K,HS*(A - BL)" + Q"
13



i = (A - BLt)Zfe(A - KtH)T + KtHZf(A - KtH)T - KthKtT -Q7 (0.27)

t+1

Substituting the expression for K, from Eqn 0.26 in the above expressions for covariances, we can
simplify them further to get the following system of equations which lets us calculate the optimal Kalman

gains in a forward pass through time

X,,; = (A-BL)x, + K, (y, — HX,) + 7,
K, =AZHT (HZTHT +Q°)

S = Q7+ (G (2 42+ 22F)CT + CLEILCT )+ (A-K H)ZAT; 35 =3,
=X, =(A-BL)Z (A-BL) +KHZA" +(A-BL)ZFHTK + KHIZ® (A-BL) +Q7; 5 =x%/
T =(A-BL)ZF(A-KH) -

(0.28)

8. Optimal control of non-linear dynamics of reaching

The solution of optimal feedback controller was derived analytically for Linear Quadratic Gaussian
(LQG) system with ‘motor’ and/or ‘state’ signal dependent noise, which guarantees global optimality. An
important prediction of this model was the curved trajectories, i.e. the over-compensation. To what extent
are these results affected if the system was a more realistic model of the arm?  Here we will show that
over-compensation is a fundamental property of the system.

The dynamic equation of two link arm is
29192 + 922 |:b11 bl?:l 91

6=M®8)(r, -7, —a,siné , .
’ ’ —1912 by by o,

a, +2a,cos b, a,+a,cosb,

where [6,,6,] are shoulder and elbow joint angle, M = l:
a, + a, cos 6, a,

a, =1, + I, + m)l} ;a, = myls,,a, = I,, m_ are the link masses (1.4kg, 1kg), [; are the link lengths

(30cm, 33cm), s, are the distances from the joint center to the center of the mass (11cm, 16cm), and I,

are the moment of inertia (0.025kgm”, 0.045kgm”). b. is a parameter of passive joint viscosity and

b, b, 0.6 0.2
we used = [Nms/rad]. z, isatorque due to the external force exerted at the
by, by, 0.2 0.6 ‘
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0
-13
hand force and velocity of the hand. The virtual torque produced by the force field is z, = J(8)" DJ(0),

—1 sin(6,) -1, sin(6, + 6,) —I,sin(6, + 6,)
where J(0) =
[, cos(6,)+1l,cos(6, +6,) I, cos(b, +8,)

13
hand produced by the velocity dependent force field: f, = Dv, D :{ 0 } , Where f,varethe

} is the Jacobian matrix of kinematics

dx = Jdé .
The costwas w’ (7 +7;) (0<t<T),and

w/ (6, —6) +w (6, —6,) +w! (6, +6,) (T<t<T+T,), where & is target position in joint
coordinate system, reach duration T was 490 msec and simulation time T +T,, was 500 msec. The
weights of costs function were wz =10, w;f =1 and w;,’ =0.1° respectively. The task was reaching out

to one of eight targets. The start position was at [0 ,0.45m] in the Cartesian coordinate system (where 0,0
is at the shoulder joint). The target was at 10 cm. The mathematics that we used to solve this problem is
the same as that developed by (LI and Todorov, 2006), in which the nonlinear equations of forward
dynamics are locally linearized and then solved as a linear optimal feedback control problem.

Figure S5 shows hand paths of optimal trajectory for Null and Force Field conditions (the field was a
clockwise curl field). The trajectories were straight when no force was exerted at hand.  As we expected,
the trajectory curved so that trajectory could over-compensate the applied force, when the force field were
exerted at hand. These predictions are very similar to the predictions of point-mass system regarding
curvature of the over-compensation. However, the maximum of over-compensation of the simulation of
two link arm was about 1cm which was slightly larger than that of observed data (<0.5cm). Thoroughman
et al. (2007) had made a similar observation when performing these simulations under minimization of
torque change or endpoint variance constraints. There are two possible reasons why amplitude of
over-compensation was larger than measured data. First, it is very likely that subjects did not build perfect
internal models. As we saw in the simulation of point mass system, the inaccuracy suppressed
over-compensation. Independent measures suggest that during force field learning, adaptation is no better
than 80% of maximum required force (Smith et al. 2006). Finally, it is possible that subjects had some
extent of uncertainty for the force field environment due to noise inherently in the portion of state
prediction in the brain. Increased uncertainty also tends to reduce the over-compensation.
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Figure S1. The effect of model bias and endpoint position costs on reach trajectory. Upper row: hand path. Bottom
row: speed profile. Each column represents trajectory for a different value of weight of position cost w,. Once

endpoint costs are large enough so that the mass reaches the target, the effect of model bias is to reduce the

over-compensation. There is no effect of model bias on reach speed.
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Figure S2. The effects of model uncertainty and costs on the reach to target task. A. Effects of endpoint costs
w, and model uncertainty. Upper row: hand path. Bottom row: speed profile. Model bias ¢ is 0.8 for all

simulations. B. Effects of motor cost w, and model uncertainty.
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Figure S3. The effects of model uncertainty and costs on the via-point task. A. Speed profiles for different
values of weight of position cost w,. B. Speed profiles for different values of weight of via-point cost w,,. C.

Speed profiles for different values of weight of motor cost w, .

19




¢ =0.02 ¢ =0.04 ¢ =0.06 c =0.08 ¢ =0.10 c =012 c =0.14 ¢ =0.16
A 10 r

Y [em]

— o0=0.1
— o0=0.2
— 0=03

Speed [cm/s]

T
NN

0
05 0 05 X[cm]
60

B ¢ =002 ¢ =004 ¢ =006 ¢ =008 ¢ =010 ¢ =012 ¢ =0.14 ¢ =0.16

|
AN

0 05 Time [s]

15

10

Y [cm]

0
-1 0 1 X[em]

50
40
30

Speed [cm/s)

20

10

0
0 05 1 Time [s]

Figure S4. Effects of including signal dependent motor noise c for the reach to target and reach through the
via-point simulations.  Each line represents result of different amounts of model uncertainty. A. Reach to target

simulations. B. Reach through a via-point simulations.
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Figure S5. Hand paths of simulation of optimal control for a nonlinear model of arm dynamics. Left: Environment

has zero forces (Null). Right: Environment has a clockwise curl force field. The small circles are target positions.
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